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Mirror moving in quantum vacuum of a massive scalar field 
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We present a mirror model moving in the quantum vacuum of a massive scalar field and study 
its motion under infinitely fluctuating quantum vacuum stress. The model is similar to the one 
in [lj , but this time there is no divergent effective mass to weaken the effect of divergent vacuum 
energy density. We show that this kind of weakening is not necessary. The vacuum friction and 
strong anticorrelation property of the quantum vacuum are enough to confine the mirror’s position 
fluctuations. This is another example illustrating that while the actual value of the vacuum energy 
can be physically significant even for nongravitational system, and that its infinite value makes 
sense, but that its physical effect can be small despite this infinity. 


I. INTRODUCTION 

In [ 3 ] we presented a mirror model with an internal de¬ 
gree of freedom that interacts with a massless scalar field 
which shows that the value of vacuum energy does have 
physical significance. Due to vacuum fluctuations, the 
mirror experiences infinitely fluctuating stress in a mag¬ 
nitude proportional to the value of vacuum energy den¬ 
sity. We found that although the infinitely fluctuating 
quantum vacuum stress provides infinite instantaneous 
acceleration of the mirror, the mirror’s position would be 
confined in a small region without Brownian-like diffu¬ 
sion. This happens because two special properties of the 
quantum vacuum: (1) the vacuum friction and (2) the 
strong anticorrelation of vacuum fluctuations. 

The coupling we used in [lj between derivative of the 
field and the internal degree of freedom, which is mod¬ 
eled as an harmonic oscillator, has advantages when the 
field is massless but has the disadvantage that the energy 
of the oscillator has an ultraviolet divergence. In the cal¬ 
culation processes this divergence provides a divergent 
effective mass which weakens the effect of the infinities 
due to the vacuum fluctuation. This gives an impression 
that our results are highly dependent on this divergent 
effective mass j2j. However, in this paper, we present an¬ 
other mirror model without this divergent effective mass 
weakening and show that this weakening is not necessary. 
The vacuum friction and strong anticorrelation property 
of quantum vacuum are enough to confine the mirror’s 
position fluctuations. The model is a mirror with internal 
degree of freedom interacting with a massive scalar field 
and with direct coupling to the value of the field instead 
of its derivative as in [1]. The details of this model will 
be given in section ITT1 

Units are chosen throughout such that c = h = 1. 

II. THE MIRROR MODEL 

We consider a mirror model which has an internal har¬ 
monic oscillator q with natural frequency Cl. Its free 
Lagrangian is \{q 2 + Cl 2 q 2 ). Coupled to this is a mas¬ 
sive scalar field (j> with free Lagrangian ~ f (</> 2 — <f>' 2 — 
m 2 (jr)dx , where the dot' and the prime ' denote the time 


and space derivatives respectively. We will consider the 
simplest coupling, the one between the internal degree of 
freedom q and <f> given by / eq<f>5(x)dx. The action of the 
whole system is, thus, 

S =2 JJ (^[> 2 — (f f 2 — m 2 i j) 2 ^ dtdx 

+ \ j ~ n2q2 ^ dt w 

T e J q(t)4>(t,0)dt. 

Varying (HD with respect to the field <f> and the internal 
degree of freedom q give the equations of motion: 

(j — (/)" + m 2 (/> = eqS(x), (2) 

q + Cl 2 q = e</>(t, 0). (3) 

For the massless case m = 0, this model is the same 
with the model (2.1) in [dj. Unfortunately, in this mass¬ 
less case the internal degree of freedom, q , is unstable, 
which was not mentioned by the authors of Q - To see 
this, first notice that the solution for (f> is of the form 

f U-M 

= </>o + 7 f J dt'q(t'), (4) 

where </>o satisfies the homogeneous field equation 

<fio - <t>o = 0. (5) 

Then inserting (j4j into m and taking time derivative 
gives 

q + Cl 2 q- e —q = e<j> 0 {t,ti). ( 6 ) 

The characteristic equation of the above ordinary differ¬ 
ential equation (0 

A 3 + H 2 A - e 2 /2 = 0 (7) 

has a positive root, which means that the internal degree 
of freedom q is unstable. However, if the field is massive 
enough, the system becomes stable. In the following, we 
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will give the solution of the system and explain why it is 
stable if the field is massive enough. 

By doing Fourier transform of the field 0 and the in¬ 
ternal degree of freedom q , we find that there are two 
different classes of mode solutions. The first class is a 
continuum class of modes which go as e~ lujt with fre¬ 
quencies u> = +y/k 2 + m 2 > to. These have an ingoing 
field which resonantly excites the q mode and is radiated: 


4 > k (t,x) = Ci 


qk(t) = ci 


e 2 ake i\k\\x\ 

2 i\k\ (—w 2 + n 2 ) + e 2 

-jut 

2 i\k\(—ui 2 + fl 2 ) + e 2 6 ’ 



e-^,(8) 

(9) 


where ci is a constant and — oo < k < +oo. 

The second class is an isolated and localized mode 
which goes as 


Mt,x)=c 2 e~ K ' x 'e-^, (10) 

q K (t) = C 2 —e~ iu \ (11) 

e 

where C 2 is a constant and k is one of the three roots of 
the cubic equation: 


III. QUANTIZATION OF THE SYSTEM 

The system can be canonically quantized by standard 
procedure Q. First, we define the inner product of the 
solutions of © and © by 

/ OO 

dx ((j)idt<f >2 - 0 2 d t 0i) 

-OO (14) 

-q 2 d t qi). 

The mode solutions ©, ©, (fTOl) and (fTTjl are orthog¬ 
onal to each other under the above inner product defini¬ 
tion. We can further normalize these mode solutions by 
the following conditions 

((0k, qk), (0k', qk')) = S(k - k'), (15) 

({ 0 K,q K ),( 0 K .,q K )) = 1- (16) 

Then the system can be quantized by expanding the 
field operator 0 and the internal degree of freedom q as 
the sum of normalized mode solutions ©, ©, in and 
m with creation and annihilation operators as coeffi¬ 
cients: 


/(k) = k 3 + (fl 2 — to 2 )k — e 2 /2 = 0, (12) 

and the frequency < 2 > is related to k by w = y/m 2 — « 2 . 

To make sure that the mode solution (fTOl) is well defined 
we require that the real part of k is positive, since other¬ 
wise (usd will blow up at spatial infinity. In the following 
we analyze which roots of m satisfy this requirement. 

First, since /(0) = —e 2 /2 < 0 and /(/«) —> + 00 , as 
k — t + 00 , the cubic equation m always has one real 
positive root, which is denoted by K\. For the other two 
roots, which are denoted by k 2 and K 3 , there are two 
different cases. 

Case I: n 2 and K 3 are complex conjugate. In this case, 
because the coefficient of the quadratic term of f(n) is 0 , 
we have the relation between the three roots: 

M + K 3 = 0. (13) 

Because Ki is real and positive, the real part of n 2 and 
«3 must be negative. 

Case II: n 2 and K 3 are both real. In this case 
/(k) has two equally spaced stationary points at 
k = ± \J (to 2 — fl 2 )/ 3. Also at these two points 
/(— \/(to 2 — H 2 )/3) > 0 and f(+yj (to 2 — fl 2 )/3) < 
—e 2 /2. Then from the property of continuity of f(n) 
we know that k 2 and K 3 are both negative. 

Thus in summary, «q is the only root that satisfies the 
requirement of having a positive real part and thus, the 
k in m and m can only be K\. 

Next we need to consider the stability of m and m 
in time. For the be s table, im must be real. Since 
u) is related to «i by w = ^m 2 — n \, we then must have 
m > K\. This requirement is equivalent to the condition 
that f(m ) > /(«i) = 0 , which leads to to > 

In the following we only consider the stable case with 
large enough to. 


q = 


dk(a k 0 k + a{ 0 l) + (Mn + A ^ 0 V), 
dk(a k qk + a\q* k ) + ( Aq K + A^q* K ). 


(17) 

(18) 


The creation and annihilation operators would satisfy the 
standard commutation relations: 


a k ,a\, 


= 6 (k - k’) 
[A,Ai]=l. 


(19) 

( 20 ) 


In the following we summarize the result of the above 
quantization method. 

The field operator 0 can be decomposed into three 
parts: 


0 (t,x) = 0 o (t,x) + 0 i(t, |a:|) + 0 2 (t, |cc|)- (21) 

The 0o in (T2TT) . which satisfies 


0o - 0o + m 2 0a = 0 , ( 22 ) 

includes all the free field modes e - z ( ut ~ kx ). It is expanded 
in terms of annihilation and creation operators: 


0 o (t,x) 



dk 


1 


a k e~ i{ult - kx) + a\e i{ult - kx) 


(23) 

The 0i in (12T1) includes all the modes e *(“* l fc ll x l); 


01 (t, |a:|) = - [ 

J — C 


dk 




e 2 a fe e _i(ajt_|A:||x|) 
2 i\k\ (—w 2 + Q 2 ) + e 2 


e 2 a t e i (^*-l fc lkl) 

— 2 i\k\ (—uj 2 + fi 2 ) + e 2 


( 24 ) 
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The <f> 2 in (I2T1) includes the single mode e lu ’ t K ^: 


fo(t,\x\) = 


ne- 


2Cj (4k 3 + e 2 ) 

The internal oscillator q is expanded as: 

1 / 2i\k\ea k e~ lu 


Ae~ ii:it + A^e^J e~^ x l 
(25) 


q(t) = 


dk 


s/Fklo \2i\k\(-uj 2 + fl 2 ) + e 2 
-2i\k\ea{e iut 


—2i\k\(— uj 2 + fl 2 ) + e 2 


(26) 



We can see from the above expression (l26l) that, for large 
k , the integrand 


The expectation value of the force (IdlT) is zero when 
evaluated in the incoming vacuum state. However, the 
fluctuation of this force in the vacuum state 

a F (t) = (.F\t )) - (Fit )> 2 (33) 

is not. In fact, if we insert m into m d and then take 
Wick’s expansion, we get 

a F (t) = 4(f 0 2 M)) ((0i (t,0) + </>' 2 (t,0)) 2 ) . (34) 

Noticing that, in the 1 + 1 dimension, the term = 

\ (Vo + <t>o ~ m 2 (p 2 ^ = (T 11 ), we obtain that the fluc¬ 
tuation of force exerted on the mirror is proportional to 
the expectation value of Minkowski vacuum stress: 

a F {t) ~ 4 ((^ (t, 0) + ^ (t, 0)) 2 ) (T 11 ) . (35) 


g(*0 00 ^72 K + 4 )> q ( k ) °c ^572 («fc - 4 )- ( 27 ) 

Then the expectation value of internal energy of the mir¬ 
ror, for large k, goes as 

+ ^V)^ ~ J dk- ^ < 00 . (28) 

Therefore, unlike the mirror in [lj, the integrand here 
drops fast enough in response to high frequency modes 
that the motion of q only adds a finite amount of energy 
to the mirror’s effective mass. 


The difference between vacuum stress T 11 and the vac¬ 
uum energy density T , which is defined as 

T 00 (t , x) = i (j) 2 (t, x) + 0 ,2 (t, a;) + m 2 <p 2 ^ , (36) 

is m 2 (f> 2 . It is only the logarithmic divergence compared 
to the quadratic divergence for the expectation value of 
vacuum energy density in 1 + 1 dimension; thus, the di¬ 
vergence of the fluctuation of force exerted on the mirror 
is in the same order as the divergence of the vacuum 
energy density. 


IV. THE FORCE EXERTED ON THE MIRROR 


V. VACUUM FRICTION DUE TO DOPPLER 
EFFECT 


As in [lj, the force exerted on the mirror is defined as 
the pressure difference from both sides: 

F(t)= lim (T 11 (x-)-T 11 (x+)), (29) 

x->0+ 

where x + = (t, a;) and x _ = (t, —x)(x > 0) are two space- 
time points which are symmetrically located on the two 
sides of the mirror and T 11 is the space-space component 
of stress-energy tensor of type (2, 0) of the field 4>: 

Tll (t,x) = 7 ; (^ 2 (*, x) + (f )' 2 (t, x) - m 2 (j) 2 ^ . (30) 

Inserting m and ( 1301 ) into ( 1291 ) and noticing that when 
x —> 0 + , due to continuity of the field (f>, only the follow¬ 
ing terms survive: 

F(t) = 2 {cf>' 0 (t, 0) (</»; (t, 0) + ^ (t, 0))} , (31) 

where the curly bracket {} is the symmetric product 
which is defined as 

{AB} = ^(AB + BA). (32) 


Similar to [J|, if the mirror initially stays at rest, it 
would experience a friction force when it starts to move. 
The friction force arises from the Doppler shift of the 
reflected vacuum modes due to the changing velocity of 
the mirror. In this section we consider that the mirror 
initially has been at rest for a long time. It then starts 
to move with a constant velocity v (see FIG. Q])). We 
calculate the expectation value of the vacuum friction at 
the jump point t = 0. We will consider everything in the 
mirror’s instantaneous rest frame. 

For the trajectory shown in FIG. [U when t < 0, the 
mirror’s rest frame is (t, x) coordinate system and the 
field (f>o is expanded as the sum of positive frequency 


modes 


i(ujt — kx ) 


with coefficients ak and negative fre¬ 


quency modes e+ y 47TUJ ) with coefficients a\. (see (P231) ). 
When t > 0, the mirror’s rest frame is (t',x r ) coordinate 
system (see FIG dU) ) and the same field (p 0 is expanded 
as: 


r 

,x ) = / 

J — ( 


dk' 


\[Ft 





(37) 
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where the u/, k! in (t', x') coordinate system are Doppler 
shifted from the w, k in (t, x ) system to: 

uj' = 7 (w — Am), (38) 

k'= "/(k — uiv), (39) 

and correspondingly, the operator coefficients and Ofc 
are related by 


bk' = (7 (1 + k'v/u}')) 1/2 o fe , (40) 

where 7 = ,, 1 is the Lorentz factor. 

Due to Lorentz invariance, the expression of the fric¬ 
tion force in (t 7 , x') frame is exactly the same form as 
in (t,x) frame (1311) . The only difference is that the spa¬ 
tial derivative ' is now with respect to \x'\ instead of |x|. 
Therefore, the friction force at the jumping point t = 0 
is 


F( 0) = 2 {$,(0,0) (</>[ (0,0) + </>' 2 (0,0))} , (41) 

where 


FIG. 1. The trajectory for a mirror that initially stays at rest 
and then jumps to move with a constant velocity v at time 


t = 0. 


01 ( 0 , 0 ) 


2 j'°° dk i\k\a,k 

J -00 \/47tw 2i\k\(-u} 2 + n 2 ) + e 2 


(42) 

Transforming the above expression fi!?l) for 0^(0, 0) from 
the (f, x) frame to the (■ t',x ') frame by using (l38l) . (l39l) 
and OT gives 


J 


^( 0 , 0 ) 


dk' 


*7| fc' - 


>\b k ' 


-00 V4W L 2 * 7 |fc' + u'v |(- 7 2 (w' + k'v) 2 + fl 2 ) + e 2 


+ c.c 


(43) 


Since the operators A, and a*, a\ commute, the ex¬ 
pectation value of the second term, 0q02, in fill) is zero. 
Thus when taking the expectation value of the force at 
t = 0, only the first term (t>' 0 <f>i survives. Inserting (1371) 
and flfil) into fill) and taking the expectation value in 
the vacuum state gives the friction force: 

F= {^1 ik vW ± ^f r T?)' ,v - m 

VI. FLUCTUATING MOTION OF THE 
MIRROR 

In this section, we investigate how the mirror moves 
under the infinitely fluctuating quantum vacuum stress 
fi 5 l) . Analogues to the motion of the mirror in [lj , the 
nonrelativistic equation of motion of the mirror here can 
be modeled as 

dv/dt + f3(v)v = F/M, (45) 

where M is mass of the mirror and (3 is the damping co¬ 
efficient. From fill) we know that /3 is velocity dependent 


with the property that 

lim /? = + 00 . (46) 

v—y 1 

For simplicity, we first assume that /3 is constant and 
then the solution of the mirror’s velocity and position 
with initial conditions X(0) = 0,u(0) = 0 can be ex¬ 
pressed as 

= (47) 

X(t) = jjJ* dt'e-P*' J* dt"e pt "F{t”). (48) 

Then we can directly calculate the fluctuation of the mir¬ 
ror’s velocity 

cr v (t) = (v(t) 2 ) - {v(t)) 2 (49) 

= Jp e ~ m j Q J dtidtieW'+^CorriFfa^Ffa)), 

and the fluctuation of the mirror’s position 
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°x{t) = (X{t) 2 ) - (X(t)) 2 = -^2 J dt ie 0tl J dt 2 e? t2 ■ dt 3 e pt3 j dt i e pu Corr{F{t 2 ),F{t i )) 


(50) 


where the correlation function 


Corr(F( tl ), F(t a )) = (F( tl )F(t 2 )) - (F( tl )) ( F(t 2 )) (51) 

can be obtained by first inserting (l23l) . (l24l) and (12511 into ED and then taking a Wick’s expansion. The result is 


Corr(F(ti), F(t 2 )) = 


167r 2 

Inserting (15^1) into (T4§1) we obtain 
~ 16t r 2 M 2 ) 


dk— e - iu,{tl ~ t2) ■ 


dk! 




Ul 


'-oo w 


' dk— ■ 

-A & 


dk'- 


' (k' 2 (—a;' 2 + ft 2 ) 2 + e 4 /4^ 
k' 2 (l — 2e /3t cos(w + a/)i + e 2/3t ) 


a) (4k 3 + e 2 ) e 2 


' -oo W' 


n 2 ,. £ 4 


/ (fc' 2 (-w' 2 +fi 2 ) 

8 ttk 3 (1 - 2e" /3t cos(w + w)f + e" 2/3t ) 
a) (4k 3 + e 2 ) e 2 (ft 2 + (w + w) 2 ^ 

where A is high frequency cutoff. Similarly, inserting (15^1) into (15U1) we obtain 


+ (w + a/) 2 ) 


vx(t) = 


167r 2 Af 2 J_ A C ui 


dk'- 


_ -Pt\2 i 4sin 2 (^±^t) -gt-, 2sin(^W)t 

1 ' ' ' fw+a; / ') 2 /3' 1 ' / co-\-uj' 


uj ’ (k /2 (~u>' 2 + n 2 ) 2 


+ (w + a/) 2 ) 


87 TK 3 


^(1 - e-*) a + - Id - 


„ — 0t\ 2 sin(aj+£)t 

CcJ+CJ 


w (4 k 3 + e 2 ) e 2 (ft 2 + (w + w) 2 ^ 


(52) 


(53) 


(54) 


As A —> oo and t —> oo, <t.y and a v have a simple relation: 

<?x ~ -^cr„. (55) 

The mean squared velocity <r„ is logarithmically diver¬ 
gent, which is a very slow divergence, as the high fre¬ 
quency cutoff A goes to infinity. Unlike in T], there is 
no logarithmically divergent effective mass to cancel the 
divergence in the mean squared velocity (1531) as the cutoff 
A go to infinity. However, notice that even in [l|, we have 
a v = 2, which is still faster than the speed of light. For 
the same reason as in j!lj, this unphysical result comes 
from the small constant damping coefficient ft assump¬ 
tion we made in the beginning. Actually from the expres¬ 
sion for the friction force (l44l) we see that the damping 
coefficient is monotonically increasing as the velocity in¬ 
creases. When the mirror’s velocity approaches 1, the 
damping coefficient ft (see (TH1) and (1TO 1 goes to infin¬ 
ity to make sure that the mirror’s velocity never reaches 
the speed of light. If we further fully consider the rela¬ 
tivistic effect, the increased mirror’s “relativistic mass” 
would just make the result even smaller. Therefore, we 
can conclude that the mean squared velocity 

(56) 


Thus from the relation (1551) we obtain that the mean 
squared position 

<ta- < -p. (57) 

Since the mirror’s speed approaches the light speed 1, we 
then get from the property (TTCJl) that the damping coef¬ 
ficient ft would be, on average, very large, which means 
that while the force on the mirror and its velocity un¬ 
dergo wild fluctuations, its position fluctuations would 
again be expected to be confined in a small region. 

Notice that we derived the relation (l55l) based on the 
nonrelativistic equation of motion (1451) and the assump¬ 
tion that the damping coefficient is constant. This re¬ 
lation might not valid if we fully consider the relativis¬ 
tic effect and the nonconstancy of the damping, but the 
conclusion should not be affected. That is because our 
conclusion does not essentially rely on (l55l) . The key 
point is that, in the long time limit, the magnitude of 
the fluctuations of the velocity and position are time in¬ 
dependent, i.e. it does not grow with time. This non¬ 
diffusing property is guaranteed by the strong anticor¬ 
relation of the the quantum fluctuation, which is mani¬ 
fest in (lixfl) and (15H) . When considering the exact rela- 


a v < 1. 
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tivistic effect and the monotonically increasing damping 
as velocity increases, the anticorrelation of the quantum 
fluctuation is still there, and the only difference is that 
the mirror would be more difficult to move, which would 
make the magnitude of the mirror’s fluctuating motion 
even smaller. Thus the mirror would still be confined but 
moving back and forth with a speed close to the light 
speed due to the infinitely fluctuating quantum vacuum. 
The fluctuation time scale would be on the order of cutoff 
time scale 1/A and the range of the mirror’s fluctuating 
motion would be confined in 

AX ~ -j-. (58) 

A 

This goes to 0 as we take the high frequency cutoff A to 
infinity; i.e., we would expect the fluctuating forces not 
to move the mirror. 


VII. CONCLUSIONS 

We present a mirror moving in quantum vacuum of a 
massive scalar field which is similar to the massless one in 
[1]. The finite mass allows a stable nonderivative coupling 
to the coordinate of the oscillator without a divergent 
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